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Abstract

Here we consider axially symmetric shear waves propagating from a cylindrical cavity in an incompressible hy-
perelastic solid, whose strain energy function is expressible as a truncated power series in terms of the basic strain
invariants. The solid is assumed to be unbounded. A continuous pulse is initiated at the boundary of the cavity and can
break in finite time. We determine what shock waves can subsequently occur using an approximate solution obtained by
Whitham’s nonlinearization technique. We find that under mild restrictions on the material parameters, a shock wave
develops near the front or back of the pulse, and propagates indefinitely. In addition, a transient shock can occur and
exist for a finite length of time. The set of shock paths will be referred to as the shock pattern. We show how the material
parameters influence the shock pattern. As well, the analysis presented here provides accurate estimates of the breaking
distance and time, and the location of the shock path, for any shock waves that occur. Results of the analysis are
illustrated with numerical solutions obtained using a relaxation scheme for systems of conservation laws.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Axially symmetric shear wave propagation from a cylindrical cavity in an unbounded hyperelastic
material is considered. A wave is initiated at the boundary of the cavity by a continuous pulse of finite
duration time. A continuous wave propagates into the material and can break in finite time. We determine
what possible shock waves can occur and how the material parameters influence their development. The set
of shock paths together with any wavefronts will be referred to as the shock pattern.

The propagation of nonlinear axially symmetric shear waves from a cylindrical cavity was first studied
by Haddow et al. (1987a,b) and Tait et al. (1989). These papers were primarily concerned with obtaining
numerical solutions. The problem of a shock front propagating from a cylindrical cavity was considered by
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Barclay (1999), where formulas for the shock speed and strength were found. Transverse cylindrical waves
had also been considered by Fu and Scott (1991), where a modulated simple wave solution was obtained
and used to fit a shock wave initiated at the boundary of a cylindrical cavity. None of the above papers
analysed the various shock waves that can occur after a continuous wave breaks.

We consider wave propagation into a medium that is assumed to be an incompressible hyperelastic solid,
whose strain energy function is expressible as a power series Ogden (1984),

o.¢]

W(h,L) =Y Cyly —3) (L, - 3. (1.1)

ij=0

The quantities /; and /, are the first and second strain invariants and C;; are constants with Cypy = 0. Several
special cases of (1.1), which involve only the first few terms, have appeared in the literature. For example,
the special case

W:CI()(Il —3)+C01(12—3) (12)

is the strain energy function for the Mooney—Rivlin material, while Cy; = 0 in (1.2) results in the Neo-
Hookean strain energy function. In the present work, we employ the strain energy function obtained when
(1.1) is truncated so that max(i + j) = N + 1. For this case, the strain energy function has the form

N k+l

W=>"3 Ciuni(h—3) (L -3 (1.3)

k=0 i=0

Numerical values of the material constants C;; in (1.3) have been found for various materials by Alexander
(1968), Tschoegl (1971), James et al. (1975) and Haines and Wilson (1979), using least squares fitting of
experimental data.

In this paper, we determine the shock pattern for axial shear waves. The analysis is essentially the same
for torsional shear waves, while the problem of combined axial and torsional shear wave propagation is
more difficult and requires further investigation.

In Barclay (2004), we obtained and used an approximate solution to estimate the breaking time of a
nonlinear axial shear wave. The approximate solution was constructed using the nonlinearization technique
described in Chapter 9 of Whitham (1974). Here, we use this approximate solution to determine the shock
pattern. Our analysis reveals all the possible shocks that can occur. In addition to shocks which propagate
indefinitely, we discover that another shock can develop and exist for a finite length of time. We call such a
shock, a transient shock. A transient shock path has finite length. A shock with this property had not been
described in the earlier mentioned papers on axially symmetric shear wave propagation. Our results provide
conditions on the material parameters for which a transient shock will or will not exist.

The shock patterns described here are for a disturbance generated at the boundary of the cavity by a
continuously rising boundary value of finite duration time. In order to carry out the analysis, it is necessary
to assume that the derivative of a certain function /4 related to the boundary value has a particular behavior.
This assumption does not appear to be a severe restriction. We elaborate on this point in Section 3. As well,
for a continuously rising boundary value, all field variables are continuous across the leading wavefront,
and a wavefront expansion can be calculated. As shown by Tait et al. (1989), an axially symmetric shear
wave never breaks at the wavefront. Consequently, a wavefront analysis provides no information con-
cerning the breaking of a wave.

Finally, we illustrate our shock results by numerically solving the system of partial differential equations
governing axially symmetric shear wave propagation. We use the nonoscillatory scheme for systems of
conservation laws proposed by Jin and Xin (1995).
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2. Formulation and approximate solution

In this section, we list the equations governing combined axial and torsional shear wave propagation.
We then summarize the nonlinarized solution for axial shear wave propagation that is used to carry out the
shock pattern analysis in the next section.

Time dependent axially symmetric shear of an incompressible solid is defined by the deformation field

r=R, 0=0+pR,t), z=Z+w(R,1), (2.1)

where (R, ©,Z) and (r,0,z) are cylindrical coordinates of a particle in the reference and spatial configu-
rations respectively, and ¢ is time. The governing equations for axially symmetric shear are obtained from
the constitutive equation for an incompressible hyperelastic solid, together with the equations of motion.
We list the relevent equations used here. For a more detailed description of the formulation of the equa-
tions, see Haddow et al. (1987a).

For the deformation field defined by (2.1), the principal invariants of the left Cauchy—Green tensor are

L=L=3+4% IL=1, (2.2)
where
A=1/&+ (rd) (2.3)
and
ow op
L P 2.4
or’ or (2.4)

The quantities 4, € and 6 are dimensionless variables. Since /3 = 1, the deformation field is incompressible.
Using the constitutive equation and the strain energy function (1.3), the shear components 7,4 and 7,. of the
Cauchy stress tensor in cylindrical coordinates are given by

Ty = pV (A)rd, 1. = uV (A)e, (2.5)
where
N
V(4) =142 p4%, (2.6)
=1
k + 1 k+1
Ve =—— Z Cirri—i (2.7)
A
and
1= 2(Cyo + Co1) (2.8)

is the modulus of rigidity for infinitesimal deformation. The components of torsional and axial shear stress in
(2.5) are physical components and similar expressions can be obtained for the remaining four components of
stress. We note that for the material constants C;; found by Alexander (1968), Tschoegl (1971), James et al.
(1975) and Haines and Wilson (1979), the corresponding values of the nondimensional quantities y,, k = 1, N
all satisfy |y,| < 1 and for many materials have differing signs. For convenience, we let

Y=Ly w)

denote the vector of material parameters and define

N
Iyl =" Inel-
k=1
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For the Mooney-Rivlin or Neo-Hookean material y = 0, and the relations in (2.5) are linear.
Employing the equations of motion and introducing the variables

op ow

w = a, U= a, (29)
we obtain the system of equations consisting of (2.5) and
61,0 2‘[,0 N ow
3 =P (2.10)
ot 1. o
"+ Z=p— 2.11

o "7 Par (2.11)
06 0w  Oe Qv (2.12)

oa o’ o or
where p is the constant material density. When y = 0, the system uncouples into two linear systems, one

governing the propagation of axial shear waves and the other governing the propagation of torsional shear
waves, both with wave speed

_v@
c= /-
o

We consider the propagation of waves from a cylindrical cavity, of radius a, in an unbounded medium
which is initially unstressed and at rest. The axis of the cavity coincides with the z-axis of the cylindrical
coordinate system. A disturbance is initiated by spatially uniform shearing tractions applied to the surface
of the cavity. Hence our system (2.5), (2.10)—(2.12) is subject to quiescent initial conditions and the
boundary conditions

t=(a,t) = f(OH(t), (e, 1) = g(t)H (1), (2.13)

where (1), g(¢) are given functions and H (¢) is the Heaviside unit function. Later, we shall consider in detail
axial shear waves generated by the boundary value

1) = o sin’;_t (H(t) — H(t — 1,)], (2.14)

which represents a pulse of duration #z, and maximum of ay.
We now introduce nondimensional variables defined by

(%r()y %rza 6-O) = (Tr(); Tyz, O'())//,l, (VAV, ’Af) = (W7 r)/a, (27 2*) = (t7 t*)c/a,

v=v/c, ®=aw/c, €=ck¢, d=ad, ¢=1, a=1.

Henceforth, we will use nondimensional variables, but for convenience omit the carets. The nondimensional
form of the Egs. (2.5), (2.10)—~(2.12) is then

o= V(A)d, 1. =V(A)e, (2.15)

ot T ov
EyE=_ 2.16
or + r ot ( )
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019 2740 ow
o T T
0c Qv 06 0w
o o o or’
If we eliminate the shear stresses 7,9 and 7, from the above equations, we obtain a hypberbolic system of
partial differential equations in terms of the vector

(2.17)

(2.18)

uj
u
u= 2 ,
€
0
where

u =1, w=ro.

This system can be written in conservation form as

u+f(u,r), =0, r>1, >0, (2.19)
where the inhomogeneous flux function is given by
—rV(A)e
| =PV(a)
f= —ur/r (2.20)
—uy 1}

For axial shear waves propagating alone, f# = 0 in (2.1). For this case, the analysis leads to a conservation
law (2.19) with

u= (”;) f= (—FZ(/?) (2.21)

For torsional shear waves propagating alone w = 0, and the conservation law for torsional wave pro-
pagation is expressed in terms of

uz(‘g>, f:(_fzsrg)(S). (2.22)

An approximate solution to (2.19) with (2.21) for axial shear waves was obtained by Barclay (2004) using
Whitham’s nonlinearization technique. A similar solution can be obtained for torsional shear waves
propagating alone, but a solution cannot be constructed in an analogous way for combined axial and
torsional shear wave propagation. This problem is complicated by the fact that the governing system (2.19)
with (2.20) has two families of outgoing characteristics, and the nonlinearization technique does not apply.
The solution for axial shear is described next.

If y = 0, then the system (2.19) is linear and can be solved by the Laplace transform

70) = 210} = / e de.

We construct the function

L1 atr—mF)
o= | N CEDICEE LN

from the linear solution, where

(2.23)
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Fle) = g’{ d’gz;)p } (2.24)

o) = €(1,1) (2.25)

and K, (x) is the modified Bessel function of the second kind. Then the approximate solution to the non-
linear problem is

e~ &(r, o) (2.26)

on

N .
t=r—1l+a—) (2k+ l)yk/ @ (r, o) dr, (2.27)
k=1 1
where the integration is carried out holding o constant. Eq. (2.27) defines «(r, ¢) implicitly and the combined
equations (2.26) and (2.27) provide a “nonlinearized” solution to the axial shear problem valid behind the
leading wavefront. The family of outgoing characteristics are given by o(r,¢) = const. It was shown by
Barclay (2004) that the above approximate solution is the leading term in a uniform expansion valid for
small values of the parameter ||y||. Regarding ||y|| as a small parameter is a reasonable assumption, since as
we noted earlier, |y,| < 1 for many real materials.

In the next section, we use the solution (2.26) and (2.27) to analyse shock development of an axial shear
wave. This solution can be written as

L[ Fl) 1+

& 2.2
(ryo) = Vo Viw i dn (2.28)
and then expanded, using the binomial theorem, as the series
00 ( 1 k— 1(2k+ l) ( 1 )k+%/1 il
~ 2 = = o — 2F(n)dn, 2.29
;:o B2k 1) \2r | (=) 2F(n)dn (2.29)

convergent for 0 < 5= < 1. In order to carry out our shock analysis, we make the further assumption that
2 < 1. We then simplify the solution using the leading term from (2.29), i.e.

n 3
D(r o) = 4/5,6(« )+O[(r) } (2.30)
where
& -p
e L (2.31)
VPKi(p)
Our approximate solution now becomes
T
Ry [=— 2.32
€1 /5,G() (2.32)

on

N

t=r—1+a—Y (2k+ 1)yt (@)S(r), o

k=1

A\
k=)

(2.33)
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where
M@=g§W) (2.34)
and
r lnr k= 1
_ dr ik ’
Si(r) _/1 = { lk_rl ks, (2.35)

Eq. (2.33) is an approximate formula for the family of outgoing characteristics to our nonlinear axial shear
wave problem. The parameter o labels the characteristics and small values of o correspond to characteristics
near the leading wavefront. The pair of Eqs. (2.32) and (2.33) provide an approximate solution to the
problem valid for small values of the parameter ||y and for 2 < 1, i.e. near the leading wavefront or at large
distances. The solution reveals that geometric attenuation is of order r 2.

In view of (2.31), the solution does not involve the surface traction f(¢) directly but is expressed in terms
of ¢(¢). Since ¢(¢) is defined by (2.25), it must be found from f(¢) through the constitutive equation, i.e.

f=U@)=¢+2) p¢™. (2.36)
k=1

So for a given surface traction f(¢), the existence of ¢(¢) implies certain restrictions on the material
parameters. The following result will be useful in later work.

Theorem 1. Suppose that f(t) is continuous on t = 0 and f(0) = 0.
(1) Eq. (2.36) defines a continuous function ¢(t) on 0 <t < T for some T > 0 and ¢$(0) = 0.
(ii) If U'(¢p) = 0 for all ¢, then T = oo in (i).
(i) If 0<f(¢) < a9 = f(to) for t =0, and U'(¢p) = 0 for 0< ¢ < ¢, where ag < U(¢hy), then T = oo in (i).
Also

0< $(t) <o = blto),
where € is the smallest solution to

gy — U(E()). (237)

3. The shock pattern

Shear waves are generated at the boundary of an unstressed material by surface tractions (2.13). If /(¢)
and g(¢) are continuous and

1(0) =¢(0) =0,

then a continuous wave propagates into the material. The wave can break in finite time and a shock will
develop. We investigate what possible shock paths can occur. We carry out the details of our calculations
for axial shear wave propagation. The results for torsional shear waves will be similar, while the case of
combined axial and torsional shear waves requires further study.

To determine the possible shock paths for axial shear waves, we construct the envelope for the family of
characteristics (2.33). The envelope bounds regions in which the solution is multivalued and within which a
shock path must be fitted. Differentiating (2.33) with respect to o gives

LMMZW@, (3.1)
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where

L(r,o) = S k(2 + Dy i (0)Si(r). (3.2)

M=

=
Il

1

We denote any real solution of (3.1) for » > 1 by

r=E(a) (33)
and let
t="T(a) (3.4)

be the function obtained on using (3.3) in (2.33). The functions E(o) and 7(«) have the same domain, which
is a subset of o > 0, and (3.3), (3.4) are approximate parametric equations of the envelope. The approxi-
mations are valid provided ||y]| < 1 and # < 1. We note that if N = 1, then £ and T can be found explicitly
and are

h(2)

E) = exp{[3nH(3)] '}, T(0) = B) = 1+ — e,

(3.5)

The envelope constructed from Eq. (3.1) can be used to determine the shock pattern for axial shear
waves generated by any surface traction f(¢), provided we know certain analytic properties of z(a) and its
derivative 4'(a). These properties are tabulated next.

We first consider the function 4(x). Using the convolution theorem and other results for the Laplace
transform together with the analytic behavior of the modified Bessel function K;(p), we can prove the
following theorem.

Theorem 2. Suppose that f(t) is continuous and bounded on t = 0 and f(0) = 0. Suppose that either (ii) or (iii)
of Theorem 1 holds. Then h(a) is continuous bounded and positive on o = 0, i.e. there exists a constant M > 0
such that

0<h() <M, a=0. (3.6)

Also h(0) = 0.
This theorem provides us with most of the information we need to know about 4 (), but in order to carry
out our shock analysis, we require a more detailed knowledge of its derivative #'(«) over the entire range
o = 0. It is therefore necessary to consider a restricted class of surface tractions f(¢). In particular, we shall

focus attention on the breaking of a wave initiated at the boundary of the cavity by a continuous pulse of
finite duration. To make this idea precise we make the following definition.

Definition. Let f(¢) € C[0,¢,], suppose that £(0) = 0 and
f(t)=0, t>=t.

Also suppose that f'(#) >0 on 0 < ¢ < ¢ and f'(#) <0 on #, < t < t,, so that
0<f(t) < a9 = f(to)

Then f'(¢) is called a pulse of duration time t.. We note that f(¢) is continuous at ¢t = ¢,, but f’(¢) can have a
finite jump at ¢,.
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A surface traction given by such a pulse models a shear stress on the wall of the cavity that rises con-
tinuously to a maximum gy at ¢ = #j, then decreases to zero at ¢ = ¢, and is zero thereafter. Eq. (2.14) is an
example of a pulse of duration time ¢, with # = ¢, /2. For such functions we can establish the following.

Theorem 3. Suppose that f(t) is a pulse of duration time t, and suppose either (ii) or (iii) of Theorem 1 holds.
(1) ¢(¢) is also a pulse of duration time t, with maximum ey = ¢(ty), where €, is the smallest solution to (2.37).
(ii) In addition to the results of Theorem 2, h(a) also satisfies

lim A(o) =0
and

M = max {h(a)} = h(d), (3.7)
0 < a<oo
for some o > 0.
(iii) #'(o0) is bounded on o = 0 and continuous on o = 0 except possibly at o = t,, where it will have a finite
Jump if {'(¢) has a finite jump at t = t,. Also

H(0)=0, lim#A'(x)=0
and K () is increasing on 0 < a < ay for some oy, and I’ (a) < 0 for a sufficiently large.

Theorem 3 provides information about 4'(x) for small and large values of o. In order to carry out
subsequent analysis, we also need to know the behavior of #'(a) for intermediate values of . Hence we plot
h' (o) with (2.14) and for various choices of the parameters. This step reveals that #'(«) has the qualitative
features shown in Fig. 1 for all choices of the parameters. In particular #'(x) has a bimodal shape on
0 < o < oy and the peak time f, for f(¢) always lies in oy < o < o,. In Fig. 1, the dotted line through ¢,
indicates the case in which f’(¢) is discontinuous at ¢ = ¢,. If f7(¢) is continuous, then 4'(«) is continuous at

b (o)

Fig. 1. Graph showing the behavior of /#'(«) for a pulse of duration time .
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o = t, and the curve in the neighbourhood of ¢, is indicated by the hash marks. It is not tractable to prove in
general that when f(¢) is a pulse, then 4'(x) has the behavior shown in Fig. 1. Consequently, in the
remaining part of this section it will be assume that if f(¢) is a pulse of duration time ¢,, then the corre-
sponding function #'(«) has the behavior shown in Fig. 1. This assumption does not appear to be a severe
restriction, since for any pulse we tested numerically, the function #'(x) had this behavior. We always
assume that either (ii) or (iii) of Theorem 1 holds to ensure that Eq. (2.36) defines ¢(¢) on ¢ = 0. It now
follows that if f(¢) is a pulse of duration time ., then A(x) has two local maxima, M, and M,, on a >0
where

M() = ]’l(OC())
and
M, =h() or M, =h(x),

depending on whether f7(¢) is continuous or discontinuous at ¢,. The maximum value of A(x) is then
M = max{M,, M. }.

We now obtain some results concerning the breaking of an axial shear wave that is initiated by a pulse of
duration time ¢, at the boundary of a cylindrical cavity. Since f(0) = 0, a wavefront leaves the boundary at
t = 0 that is given by

t=r—1.

A second wavefront leaves the boundary at ¢ = ¢, and its equation is given by

N

t=t4r—1= (2k+ 1)yt (L)S(r). (3.8)

k=1

The solution to our axial shear wave problem is zero ahead of the leading wavefront. Prior to shock ini-
tiation, the solution behind the leading wavefront is continuous with continuous derivatives except possibly
along the back wavefront, where time and spatial derivatives of the solution will have a finite jump, if f”(¢)
is discontinuous at #.. For this case the front is an acceleration front.

Our shock analysis uses the fact that that the envelope constructed from (3.1) bounds regions of the
rt-plane in which the solution (2.32) is multivalued. Such a region contains a shock path. Our results on
shock development are valid under the assumptions made in obtaining the nonlinearized solution, i.e. ||y|| is
a small parameter and * < 1. For a pulse of duration time ¢, at the boundary, the relevant part of the
solution is given by the characteristics for which 0 <a<t¢,. So, in addition to the small parameter
assumption, our results are valid if z, < 1 or if breaking occurs for » > ¢,. If neither of these conditions
occur, then our results are valid if o < 1, i.e. if a shock develops near the leading wavefront. The first result
is an existence theorem for shock waves.

Theorem 4. Let f(t) be continuous on t = 0 and f(0) = 0, and such that Eq. (2.36) defines a unique ¢(t) on
t = 0. If there exists a subset of o > 0 on which

il (o) >0, (3.9)

then an axial shear wave propagating from a cylindrical cavity into an unbounded medium that is initially at
rest and unstressed, will always break.

Theorem 4 is proven in Appendix A. It is immediate from the behavior of #'(x), that a wave initiated at
the boundary of a cylindrical cavity by a pulse of duration time z,, will always break if y, # 0.
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Solutions to (3.1) will lead to an envelope of the family of characteristics that can be made up of several
branches. A branch will bound a shock path. In order to describe each branch and the corresponding
shock, we make the following definitions.

Definition. A branch of the envelope of characteristics is called a primary branch if the parametric equations
(3.3), (3.4) have as domain either 0 < o < 09 or oy < o < 0. The associated shock will be called a primary
shock.

Definition. A branch of the envelope of characteristics is called a secondary branch if the parametric
equations (3.3), (3.4) have as domain either o; < o < ¢, or ¢, < a < oo when f’(¢) is discontinuous at #,, and
o < o< o, ora, < o< oowhen f'(¢) is continuous at #,. The associated shock will be called a back shock.

Definition. If we replace the intervals in the above definitions by closed subintervals, then the corresponding
branch of the envelope of characteristics will be called a transient branch and the associated shock a
transient shock.

As we will see later, (r,¢) are unbounded on a primary or secondary branch and are bounded on a
transient branch. So a primary or back shock propagates indefinitely, but a transient shock propagates only
for a finite length of time. Also, an equivalent definition of a transient branch would be one on which (r, ¢)
are bounded.

We now present some theorems which describe the possible shock paths that can occur after a con-
tinuous axial shear wave breaks.

Theorem 5. Let f(t) be a pulse of duration time t,. Suppose y, # 0 and let Py(x) be the polynomial of degree N

Py(x) = (2k + 1. (3.10)
k=1
@ 1f
Ogi%{PN(x)} <1, (3.11)

then a primary shock develops near the front (or back) of the wave if y, > 0 (or y, < 0) and breaking
occurs at a cusp on the primary branch of the envelope.
(i) If
Og%@*{PN(x)} <1, (3.12)

then a back shock develops near or on the back acceleration front.
(iii) If P}, (x) # 0 on 0 < x < M, then no other shocks occur.

Theorem 5 is proven in Appendix B. It shows that if y, # 0, a primary shock and a back shock will
always occur, and these are the only shocks that propagate indefinitely. As well, if P, (x) #0on 0 <x < M,
then there are no other shocks. If P;,(x) is zero at least once on 0 < x < M, then a transient shock could also
occur for axial shear wave propagation. We shall describe in detail the situation when Py (x) has a single
zero. The analysis when there are several zeros would be handled in a similar way.

If x; is the only zero of Py (x), where 0 < x; < M, then two transient shocks could possibly develop. If
0 < x; < My, then a transient shock could occur, where the domain of (3.3), (3.4) would be a subset of
0 < a < oy. For this case, we will use the terminology primary transient shock. If 0 < x; < M,, then a
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transient shock could occur near the back acceleration front. Our theorems on transient shocks are stated
without proof. As in Theorem 5, the proofs involve examining Eq. (3.1). The next theorem gives condition
under which a single primary transient shock occurs.

Theorem 6. Let f(¢) be a pulse of duration time t.. Suppose y, # 0, (3.11) holds and P}, (x) has a single zero, x;,
on 0 < x < My, where x; is a simple zero. Define

O1(ar) = K (o) L(r1(x), )
and let tx(ll) <a< agz) be the subinterval of 0 < oo < oy on which ri(o) > 1. Let

max {0}, if 7 >0,

op S0

Q(Vl) = (max {QI(OC)}, if 9, <0. (3.13)

%

1
) <a<ap

(1) If O(y,) > 1, then the envelope of characteristics has a closed bounded branch (a primary transient
branch). The branch has two cusps at which (r,t) obtain their minimum values (rgr)7tgr)) at one of the
cusps, and their maximum values (", &) at the other. The quantities r\" and 1" are the breaking dis-
tance and time of the transient shock. The quantities r(Tm and t(T”) are the distance and time at which the
transient shock terminates. The primary transient shock breaks and terminates at the front (or back) of the
wave if y, < 0 (or y; > 0).

(i)) If O(y,) <1, then a primary transient shock does not occur.

If 0 <x; < M,, then a transient shock could occur near the back acceleration front, and we could
establish a similar result with M, replace by M..

If all the material parameters y, are nonnegative, then Py (x) # 0 on 0 <<x <M and a transient shock
never occurs. For several materials considered by Alexander (1968), Tschoegl (1971), James et al. (1975)
and Haines and Wilson (1979), N = 2 and y,y, < 0. In the remaining part of this section, we list results for
this interesting situation. For completeness, we first summarize the restrictions on the material parameters
imposed by Theorem 1.

Theorem 7. Let f(t) be a pulse of duration time t,.
(1) If y, = 0 for all k, then ¢(t) exists and is a pulse of duration time t..
i) IfN=2,y <0, v9,>0and

>22
V2 = 10/17

then ¢(t) exists and is a pulse of duration time t,.
@) If N=2,79, <0, y,>0and

9 2
TR (3.14)
)
P L ke (3.15)

S (\/3_’ - 3“/1)3/2’
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where
2
y =971 — 109, (3.16)

then ¢(t) exists and is a pulse of duration time t..
(iv) If N =2, 79, >0, y, <0 and (3.15) holds then ¢(t) exists and is a pulse of duration time t..

Theorem 8. Let f(t) be a pulse of duration time t, and suppose that N =2, y,7, < 0 and one of (i)—(iv) of
Theorem 7 holds.

W Ir
7 10
—L > M, 3.17
N> S (3.17)
then a primary transient shock will not occur.
@) If
n 10
——= <=M 3.18
723 ’ ( )

and Q(y,) <1, where Q(y,) is given by (3.13) and
10y,

O1(0) =1 (a){3p,[1 +1Inr(2)] + 10y,h(x)},  ri(a) = — 3,

h(a),
then a primary transient shock will not occur.

Theorem 9. Let f(t) be a pulse of duration time t, and suppose that N =2, 7,7y, < 0 and one of (ii)—(iv) of
Theorem 7 holds. If
7, 10
_a -y 3.19
72 = 30 ( )
and Q(y,) > 1, and one of the following holds.
1) y;, >0, 9, <0 and

971
— 1 3.20
20y, <5 (3.20)
(i1) y, <0, y, > 0 and
SM() 1
— < ——, 3.21
3 m (3.:21)
(i) y, <0, y, > 0 and
71 My
SRR Qi 3.22
72 3 ( )
My(3y; + 5y.Mp) < 1. (3.23)

Then a primary transient shock occurs, and the shock breaks and terminates at a cusp on the primary transient
branch.

A similar result can be established concerning a transient shock near the back acceleration front. As well
if N = 3, then P} (x) could have more than one zero. We could then have several primary and back transient
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shocks occurring. The above theorems indicate how the analysis would proceed for this situation. Finally,
we note that if y;, = 0, only transient shocks can develop.

4. Numerical results

In this section, we illustrate our theorems on shock development of axial shear waves. The theorems are
used to predict what shocks will occur and to estimate the breaking time of each one. The envelope of
characteristics can be found by solving (3.1) and a region bounded by a branch of the envelope approxi-
mates the location of the corresponding shock path. In order to use the theorems efficiently, it is necessary
to readily evaluate 4(o) and 4'(«).

The function /() is defined in terms of G(a) by (2.34) and since G(a) is given by (2.31), we can evaluate
it by numerically inverting a Laplace transform. In order to carry out the numerical inversion, we need an
analytic expression for ¢(p) = Z{¢(¢)}. So we need an appropriate approximation to ¢(¢) in terms of the
given boundary value f(¢). From (2.36), a first order approximation is

80 = (1) =23 00+ Ol

which is uniform in ¢ when f(¢) is a pulse of duration time #,. This approximation is consistent with the
approximation made in constructing the nonlinearized solution, but is not particularly useful when gy > 1.
Since ¢(¢) is a pulse of duration time ¢, when f(¢) is a pulse of duration time ¢,, a useful approximation is

wn=%ﬂ&

where ¢, is found from (2.37). This simple approximation preserves the appropriate character of the
boundary value and will be used to find ¢(p) when gy > 1.

To test the usefulness and validity of the theorems of the previous section, we solve the system (2.19) and
(2.21) numerically. We use the relaxation scheme for conservation laws developed by Jin and Xin (1995).
This method has advantages over other high-order accurate schemes. It uses neither Riemann solvers
spatially nor nonlinear equation solvers temporally. The method has excellent shock capturing abilities and
shows no numerical dispersion at the shock. When implementing the relaxation scheme, the value of ¢(¢) is
found by solving the nonlinear equation (2.36) numerically.

All results are for the boundary value (2.14). Since f”(¢) has a finite jump at ¢ = 0, #,, the leading and back
wavefronts are acceleration fronts. Results in Fig. 2 are for 6o =2, t, =1 and N =1, y, = 0.1. Using

Theorem 5, we find that a primary shock breaks near the front of the pulse at (rl(gp), tf;p)) = (1.84,0.92), a

back shock breaks at (rgb> , t](;w) = (4.72,4.69) and no other shocks occur. Fig. 3 shows the shock pattern, or

more precisely, the primary and secondary branch of the envelope together with the acceleration fronts.
The back acceleration front is found using (3.8). The numerical solution shown in Fig. 2 exhibits the
behavior predicted by our shock theorems. The estimate of breaking times are reasonably accurate. A
primary shock is clearly visible at the front of the pulse for # > 2 and a small back shock can be seen for
t=5.

The remaining numerical results are for a material with N =2 and y, = —0.029, y, = 0.0027. These
values are found from the set of C;; for the second rubber-like material considered by Haines and Wilson
(1979). We consider first a pulse of duration time z, = 1 and maximum ¢, = 2. Theorem 5 indicates that
a primary shock breaks near the back of the pulse at (rg’), tfgp)) = (3.06,2.94) and a back shock does not
occur in finite time. Our theorems also indicate that no transient shocks occur. The shock pattern is
shown in Fig. 4 and the numerical solution in Fig. 5. The primary shock is clearly visible at the back of
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Fig. 3. Branches of the envelope for N = 1, y; = 0.1 and boundary value (2.14) with gy =2, #, = 1.

the pulse for ¢ > 3. Finally, we consider a pulse with ¢y =4 and ¢, = 1. Theorem 9 reveals that a primary
transient shock breaks at (rg'),tg')) = (1.47,0.79) and terminates at (r(T")7 <Tt’)) = (6.08,5.94). There is no
back transient shock. Also by Theorem 5, we find that the primary shock breaks near the back of the
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Fig. 4. Primary branch of the envelope for N = 2, y, = —0.029, y, = 0.0027 and boundary value (2.14) with ¢y =2, ¢, = 1.
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Fig. 5. Variation of t,. with nondimensional » for N = 2, y; = —0.029, y, = 0.0027 and boundary value (2.14) with ¢y = 2, ¢, = 1.

pulse at (rg’),tg’)) = (2.04,1.94), and that a back shock does not break in finite time. The numerical
solution in Fig. 6 shows the pulse as it leaves the boundary. The figure shows the development of the
transient shock near the front of the pulse and the primary shock at the back. Fig. 7 shows the numerical
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solution until after the transient shock terminates. The shock pattern obtained from our shock theorems
is shown in Fig. 8.

3.5 -

2.5 -

0.5 -

Fig. 6. Variation of t,. with nondimensional rat s =0.1,0.2,...,2 for N = 2, y, = —0.029, y, = 0.0027 and boundary value (2.14) with
gy — 4, t, = 1.
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Fig. 7. Variation of t,. with nondimensional » for N =2, y; = —0.029, y, = 0.0027 and boundary value (2.14) with 6y =4, ¢, = 1.
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Fig. 8. Primary and transient branch of the envelope for N =2, y, = —0.029, 7, = 0.0027 and boundary value (2.14) with ¢, = 4,
t.=1.

5. Conclusions

The theorems presented in Section 3 provide a complete picture of the shock pattern for axial shear wave
propagation after a continuous pulse breaks. A primary and back shock always occur if and only if y, # 0.
The primary shock breaks at the front (or back) of the pulse if y, > 0 (or y; < 0). Since

max |h'(«)] < max |A'(«)],

ty <o<oo oy S o< oy

in all our numerical work, a back shock was not observed if y, < 0.

The polynomial Py(x), whose coefficients involve the material parameters, plays a significant role in our
analysis. If P{(x) # 0 on 0 <x < M, then only a primary and a back shock will develop. If Py, (x) =0 on
0 < x < M, then a transient shock can occur. The phenomenon of a transient shock has not been reported
in other studies on nonlinear axially symmetric shear wave propagation. Conditions concerning the exis-
tence of a transient shock were given when Pj,(x) vanishes only once on 0 < x < M. If N = 2 then P}, (x) has
only one zero. So this case is of particular interest, since most experimental results found in the literature
for materials modelled by a strain energy function (1.3) use N = 2.

A knowledge of certain analytical properties of /(x) and its derivative A'(o) is necessary in order to
determine the shock pattern for axial shear waves. The function /(«) is defined by (2.34) and is related to
the boundary value through the inverse transform (2.31). Our shock pattern theorems are valid for a wave
generated by a pulse f(¢) of finite duration time, provided we assume that /'(o) has the behavior shown in
Fig. 1. This assumption appears to be reasonable since, for any particular pulse f'(¢) that we considered, the
corresponding function /'(«) had this behavior.

The shock pattern determined in this paper is for axial shear wave propagation. Similar results can be
obtained for torsional shear waves propagating alone. For combined axial and torsional shear wave
propagation, the situation is more complicated. This case needs further examination.
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Finally, as the numerical solutions indicate, our shock theorems provide a direct and accurate way of
estimating the breaking distance and time of a shock. As well, the region bounded by a branch of the
envelope of characteristics contains a shock path, giving an approximate location of the shock path.

Appendix A. Proof of Theorem 4

From the definition (3.1) of L(r,a), we have
L(l,a) =0,

and for fixed o

L(r,a) = 3y, lnr{l +O<ﬁ>}, as r — oo,

M:E[I—FO(l)] as r — oo
r ’ '

O r

As well, L(r, o) is a continuous function of (r, o) for » > 1, « > 0. So if (3.9) holds, then Eq. (3.1) always
has a solution in » > 1. Hence an envelope always exists and a wave will break, at least for r sufficiently
large.

Appendix B. Proof of Theorem 5

(i) Observe that L(r, o) is a continuous function of (r, o) onr > 1, o > 0 and such that Z(1,«) = 0 and for
fixed o, L(r, o) — o0 as r — oo.
Now consider first the case in which P}(x) # 0 on 0 < x < M and note from (3.2) that

oL 1 h(o)

—=—p (2.

o r N( r >
Since 0 < A(o) <M and r > 1, then 0 < &:‘) <M. So for fixed o = 0, L(r, 2) is an increasing (or decreasing)
function of r on » > 1 when y, > 0 (or y, < 0). It follows that Eq. (3.1) has a unique solution (3.3) on
0 <oa<a(oray <a<o)ify, > 0(ory, <0). Hence we have a primary branch. The solution £(«) and its
derivative E'(«) are continuous and

lim E(a) =00, lim E(a) =00, 7y, >0,

a—0+ o—0)—

lim+E(oc) =00, lim E(x) =00, 7, <0.
o—0 o—0 —
If N=1and y, >0 (or y; <0), then E(«) decreases steadily to a minimum at o, (or «,) then increases
steadily. If N > 2, this behavior is not strictly true, but since
(& )
or W (o)

it will be true within our small parameter assumption, but now E(«) will attain its minimum in a neigh-
bourhood of a, (or o) if y; > 0 (or y, < 0).
Now a straight-forward calculation using (2.33) and (3.1) reveals that
h(x)

T/(oc):E/(a)[l—PN(m)} (B.1)

+O(lIvID;
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So (3.11) implies that 7"(o) and E'(o) have the same sign on 0 < o < a,. Hence (r, ) decrease steadily from

infinity on the primary branch to a cusp (', "), where  and ¢ obtain their minimum values, and then

increase steadily back to infinity. The quantities rgp ) and t,gp ) are the breaking distance and time of the
primary shock. Since o, < #) < o, the characteristics labelled o = oy and « = «, leave the boundary r = 1
before and after ¢, respectively. So the primary shock breaks at the front (or back) of the wave if y; > 0 (or
7 < 0).

If P (x) =0 on 0 <x < M, then L is not necessarily monotonic on » > 1, but there will exist ry(o) > 1
such that for fixed o > 0, L(r,«) is monotonic for » > ry(a). It then follows that Eq. (3.1) has a unique
continuous solution (3.3) on the entire interval 0 < a < o (or 0y < o0 < oy) if y; > 0 (or y; < 0). So we again
get a primary branch with all the properties given above. For this case, other solutions can also exist but
each would define a continuous function E(«) on a closed subinterval of 0 < a < o or oy < o < . The
corresponding parametric equations would then give a transient branch.

(ii) Since the behavior of #'(2) on o < o < oo is similar to the behavior on 0 < o < «;, the arguments
used in (i) can be applied to show the existence of a secondary branch. Its structure is the same as the
primary branch, when f”(¢) is continuous at ¢,, and breaking occurs at a cusp, (rgb), tgb)), on the envelope
near the back acceleration front. If f’(¢) is not continuous at f,, the secondary branch has a different
structure. For this case, when 7y, > 0, the secondary branch comes in from infinity and terminates at the
back acceleration front. If y, < 0, the secondary branch goes out from the back acceleration front to
infinity. In either case, when f’(¢) is discontinuous at ., the back shock path is bounded by the envelope
and the back acceleration front, and breaking occurs at the back acceleration front.

(iii) As shown in (i) and (ii) above, when Py, (x) # 0 on 0 < x < M, we only obtain a primary and a
secondary branch of the envelope of characteristics. So, for this case, only a primary and a back shock will
occur.
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